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HOMOLOGICAL DESCRIPTION OF CRYSTAL STRUCTURES ON LUSZTIG’S 

QUIVER VARIETIES 

BEA SCHUMANN 


Abstract. Using methods of homological algebra, we obtain an explicit crystal isomorphism 
between two realizations of crystal bases of the lower part of the quantized enveloping algebra of 
(almost all) finite dimensional simply-laced Lie algebras. The first realization we consider is a geo¬ 
metric construction in terms of irreducible components of certain quiver varieties established by 
Kashiwara and Saito. The second is a realization in terms of isomorphism classes of quiver repre¬ 
sentations obtained by Reineke using RingeTs Hall algebra approach to quantum groups. We show 
that these two constructions are closely related by studying sufficiently generic representations of 
the preprojective algebra. 


Introduction 

BACKGROUND. Since Gabriel’s famous theorem in 1972 (see Q) the connection between rep¬ 
resentation theory of quivers and Lie algebras of simply-laced type has evolved into a rich area 
of research. In loc. cit. Gabriel classified all quivers of finite representation type (i.e. with finitely 
many isomorphism classes of indecomposable representations). He showed that a quiver Q is of 
finite representation type if and only if its underlying diagram is a simply-laced Dynkin diagram 
(i.e. of type A„, D^, Eg, E-j or E%). Furthermore, for Dynkin quivers, there is a bijection between 
the isomorphism classes of indecomposable representations and the set of negative roots of the Lie 
algebra associated to the underlying Dynkin diagram. 

This theorem was used by Ringel (see e.g. ifTSl ) to establish an even deeper connection. In loc. 
cit. Ringel showed that there is a Q(v)-algebra isomorphism between the (twisted, generic) Hall 
algebra =9^(Q) and the negative part f7v(n“) of the quantized enveloping algebra of the simply- 
laced finite dimensional Lie algebra g associated to Q. The underlying vector space of the Hall 
algebra has a basis consisting of all isomorphism classes of representations of Q. The multiplica¬ 
tion in is given in terms of certain numbers of filtrations of Q-representations over a finite 

field. 

The idenfificafion of Uv(n“) wifh fhe Hall algebra yields a nafural PBW-fype basis of fhis alge¬ 
bra (w.r.f. a reduced decomposition of fhe longesf Weyl group element adapted to Q) parameterized 
by the isomorphismen classes of Q-representations (see lIThll ). 

Lusztig also constructed PBW-type bases of f7v(n“), one for each reduced decomposition of 
the longest Weyl group element wq of g, by applying certain braid group operators to Chevalley 
generators of f7v(n“) (see e.g. lUOl ). By this Lusztig constructed a unique basis of Uv(n“), called 
the canonical basis B, with remarkable properties. Namely, let 13 be a fixed buf arbifrary PBW-fype 
basis, fhen fhe Z[v^']-laffice spanned by B is independenf of fhe chosen reduced decomposition 
of Wq. Lef 71: .if ^ .if/v“'.if denofe fhe projection and lef Uv{n~) Uv{n~) be fhe canonical 
Q-algebra involution of Uv{xC) sending fhe generafor Ei fo Ei and v fo v“^. Then fhe canonical 
basis is fhe unique “ invarianf basis whose image under tt coincides wifh fhe image of B. 


This research was supported by the Graduiertenkolleg "Global Structures in Geometry und Analysis” and the DEG 
Priority program Darstellungstheorie 1388. 

The author is deeply indebted to Volker Genz and Markus Reineke for several valuable and clarifying discussion 
and comments. Further a big thanks goes to Michael Ehrig for careful proofreading and helpful advise and Yoshiyuki 
Kimura for his comments on an earlier version of this paper. 
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For i = • • • Fn) we denote by Bi the PBW basis corresponding to the reduced decompo¬ 
sition Wo = Lusztig defined a combinatorial colored graph (or crystal) structure on B, 

called B{oo), where the vertices are given by the basis elements of a fixed PBW-fype basis Bi and 
fhus indexed by (nofe fhaf N is fhe number of negafive roofs of g). We call fhe image of b^Bi 
under fhe map 

'Pi: Bi^ N" 


/7"2...rnv 


{ni,n2,...,nN) 


an i-Luszfig paramefrizafion of b. The arrows of fhe graph B{oo) are given by cerfain operafors 
fi, one for each simple roof a, of g, which form a combinaforial counferparf of fhe Chevalley 
generafors of f7y(n“). The acfion of fi^ on b ^Bi is easily defined if Bj corresponds fo a reduced 
expression of wq which sfarfs wifh fhe simple reflection i,-,. To defermine fhe actions of for k t i 
one uses fhe facl fhaf fwo PBW-bases are obfained from each ofher by applying a composition of 
certain braid moves. The induced map y, j such fhaf y, j o 'Pj = 'Pj corresponds fo a composifion of 
piecewise linear bijecfions of For one braid move fhe fransifion map is explicifly known (see 
nil). However fhe combinatorics behind fhe composifion of fhese piecewise linear bijecfions is 
difficulf fo handle since if is given by fhe composifion of operations fhaf involve faking minima. 

In ifT^ Reineke used RingeFs Hall algebra approach fo quanfum groups fo describe fhe crysfal 
sfrucfure on a fixed PBW-basis Bi explicifly in terms of fhe sef of isomorphism classes of repre- 
senfafions of a fixed Dynkin quiver Q. Here i corresponds fo a reduced expression of wq which 
is adapted fo a Dynkin quiver Q fhaf is satisfying a cerfain homological condition (see Definition 

1231) . 

Anofher consfrucfion of R(oo), called R^(oo), in terms of quivers was given geometrically by 
Kashiwara and Saito in I®]. They defined a crystal structure on the irreducible components of the 
varieties Ay of representations of the preprojective algebra n(Q) with varying underlying vector 
spaces V. These varieties were used by Lusztig to give a geometric construction of U{n~), the 
enveloping algebra of the Lie algebra n“ (see [81), as well as to show the existence of a nicely 
behaved basis of this algebra, called the semicanonical basis (see ifTTl l. which is naturally indexed 
by the irreducible components of Ay. In the following we refer to these varieties as Lusztig’s 
quiver varieties. Lusztig conjectured that the semicanonical and the specialization of the canonical 
basis coincides but Kashiwara and Saito gave a counterexample in fi6|. 

The Kashiwara operators corresponding to the arrows in the graph B^(oo) can be described 
in the following way. Let x e X be a generic point of an irreducible component X of Lusztig’s 
quiver variety and let M{x) be the corresponding n(Q)-module. The component /,X is given as 
the closure of all points y that (regarded as n(Q)-modules M{y)) appear as the middle term of 
exact sequences 

O^M(x) ^M{y)^S{i)^0, 

where S{i) is the simple representation of n(Q) corresponding to the vertex i. 


MAIN RESULT. The main result of this paper is a homological interpretation of the geometric 
realization of B(oo) of [6| using the representation theory of the preprojective algebra and its 
underlying Dynkin quiver. We compute the geometric crystal structure using the combinatorics of 
the Auslander-Reiten quiver of the Dynkin quiver associated to the Lie algebra g. To achieve this 
we use results by Reineke and give an explicit crystal isomorphism between the geometric and the 
homological realization of the crystal B(oo) given in ifT^ . This provides an explanation for the 
compatibility of the indexation of the canonical and the semicanonical basis. 

We remark that this result can also be deduced by the work of Baumann-Kamnitzer (see [Tj) 
and Saito (see lITSl l that both provide a crystal isomorphism between the realization of B(oo) in 
terms of i-Lusztig parametrization and the geometric realization. In lUl Baumann and Kamnitzer 
used some reflection functors for representations of the preprojective algebra and the classical 
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Bernstein-Gelfand-Ponomarev reflection functors for representation of Dynkin quivers. In ifTSl 
Saito used a result of Kimura to show that changing the orientations of the underlying Dynkin 
quiver of the preprojective algebra such that i\ is a sink is compatible with the transition to an 
i-Lusztig parametrization such that the reduced decomposition of wq starts with i\. 

The methods in this work are quite different from the ones used in |T] and ifTSll . Here we take a 
direct approach fixing the orientation of the Dynkin quiver Q. We develop a combinatorial method 
to determine the dimension of the head of a generic module of an irreducible component X of Ay 
and construct a dense subset of X for which the action of the crystal operator fi can be determined. 

STRUCTURE OF THIS PAPER. The paper is structured as follows. 

We recall the geometric construction of B^(oo) via the irreducible components of Lusztig’s 
quivers varieties in Section [T] 

In Section|2]Reineke’s construction of B(oo) is introduced. We denote this crystal by S'^(oo). 
Each vertex b e 5'^(oo) is given by an isomorphism class [M] for M a Q-representation. Reineke 
showed that if there is an exact sequence of Q-representations 

->0 

such that X satisfies a certain additional property, we have fi\M^ = [A]. He further proved that for 
any Q-representation M there exists a representation X satisfying these properties. The existence is 
deduced from the classification of the middle terms of short exact sequences of Q-representations 
ending in the simple Q-representation S{i). Thereby an algorithm is obtained to determine the 
actions of the Kashiwara operators in terms of the given combinatorial data where 

B varies over all indecomposable Q-representations. Here denotes the multiplicity of the 

indecomposable direct summands B of M. 

In Section[3]we give a crystal isomorphism between B’^{Q) and B^{oo). We first describe how 
to relate the vertices. For this we use a result of Lusztig that gives a one-to-one correspondence be¬ 
tween the irreducible components of quiver varieties and isomorphism classes of representations of 
Q (see Proposition 13.111 . We then work in a homological algebra setting using RingeTs description 
of n(Q)-modules as pairs {M,<^) for <j) e Hom(T“^M,M), where is the inverse Auslander- 
Reiten translation of Q. Let M be a representation of Q and X^m] be the irreducible component 
corresponding to the isomorphism class of M. We develop a combinatorial machinery to prove 
that the function e,- on X^m] (which counts how many consecutive times we applied fi to get to the 
desired vertex in the crystal graph) in the geometric setting only depends on the data {}JLb{M))b- 
We further show that there is a dense subset of X^u] that is mapped to the component hy 

f. This is proved by constructing a certain class of points of an irreducible component which are 
sufficiently generic but can be handled combinatorially. We therefore obtain that the one-to-one 
correspondence between the irreducible components of quiver varieties and isomorphism classes 
of representations of Q is indeed a crystal isomorphism (see Theorem 13.261) . 

NOTATION. In what follows Q always denotes a Dynkin quiver with path algebra kQ over a field 
k. For M,N € kQ-mod, we denote the isomorphism class of M by [M] and multiplicity of N as 
a direct summand of M by iXi^{M). We denote by zM (resp. the Auslander-Reiten trans¬ 

lation (resp. inverse Auslander-Reiten translation) of M. Further {M,N)]f ■= dimHom<:Q(M,A) - 
dimExt^(M,A) denotes the Ringel form and for i in the vertex set of Q we denote by S{i) the 
simple module obtained by assigning a one-dimensional vector space to the vertex i and a zero¬ 
dimensional vector space to all other vertices of Q. 

1. THE GEOMETRIC CONSTRUCTION 

In this section we review the realization of the crystal graph B(oo) via Lusztig’s quiver varieties. 
We start by introducing the varieties of interest. 
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1.1. LUSZTIG’S QUIVER VARIETY. For a Dynkin quiver Q = (/,Qi) we denote the associ¬ 
ated double quiver by Q = (/,//) that has as the set of vertices the vertices of Q and for each arrow 
of Q, H contains two arrows with the same endpoints, one in each direction. 

For an arrow /z e //, we denote by h the arrow with out{h) =in{h) and in{h) = out(/j). Therefore, 
the double quiver Q = {I,H) has as set of arrows // = Qi u Qi. 

Example 1.1. We give an example of the double quiver of Dynkin type A 3 : 

_ h[ /12 

Q= 1 ^^2 ^^3. 

hi h2 

We define the function 

£://-^{±l} 

1, if /j e Q 
-1, ifh^Q. 

The preprojective algebra n(Q) of a Dynkin quiver Q is the quotient of the path algebra of the 
double quiver Q by the ideal generated by 

^ e{h)hh. 

h^H 

For a fixed finite-dimensional /-graded vector spaces V = 0,£/V,- over C, we define Lusztig’s 
quiver variety Ay fo be fhe variefy of represenfafions of n(Q) wifh underlying vector space V, i.e. 

Ay :=tx = (x/,)AeHe0Hom(Vout(/q,Vin(/,)) I ^ =0for all/e/ 

y h£H,m{h)=i 

Lef Repy(Q) be fhe variefy of represenfafions of fhe Dynkin quiver Q wifh underlying vector 
space V, fhaf is 

RcPy(Q) — Hom( Vgutf/j)) Vjn(/;) ), 

h^Q. 

which is clearly a closed subvariety of fhe affine variefy Ay. 

From now on we consfanfly identify fhe poinfs of Ay (resp. Repy) wifh fhe corresponding 
modules over n(Q) (resp. CQ) and write expressions like M e Ay for M = {V,x) e n(Q) - mod. 

We have an action of fhe group Gy - YliGL{Vi) on Ay and Repy(Q) by base change, fhaf is for 
M = {V,x) e Ay, g.M = M, where M = (V,3c) e n(Q) - mod wifh 

Sin(h)^hSout(h) 

and analogously for M e Repy (Q). 

The orbifs of fhis action on Ay (resp. Repy(Q)) are exacfly fhe isomorphism classes of repre- 
senfafions of n(Q) - mod (resp. A:Q-mod) wifh a fixed dimension vector v. 

Remark 1.2. The definition of Luszfig’s quiver variefy given in |6l imposes an addifional nilpo- 
fency condifion on fhe elemenfs of Ay. Buf, since we resfricf ourselves to preprojective algebras 
of Dynkin quivers, fhis condifion is aufomafically satisfied (see 0 Proposition 14.2(a)]) and we 
fhus omif if. 

Nofe fhaf, up to isomorphism. Ay depends only on fhe graded dimension v = (dimV))(e/ of V. 
Therefore we also denote Ay by A(v), regarding fhe graded dimension of fhe vector spaces as part 
of fhe dafum of fhe represenfafions of n(Q). 
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1.2. KASHIWARA OPERATORS. Following ||6l, we recall the crystal structure on the set of 
irreducible components of A(v), which we denote by IrrA(v). 

For i e I and M e A(v), define e,(M) to be the dimension of the S(/)-isotypic component of the 
head of M. For M = {V,x) e n(Q) - mod, that is 

(M) = dim Coker [ 0 Vout(ft) ^ E,- j. (1) 

\h:in(h)=i } 

For c e Z>o, we further introduce the subsets 

A(v)/,c := {M 6 A(v) I e,(M) = c}. 

To describe the actions of the Kashiwara operators, let e‘ e be such that e'j = 5ij and fix c e Z>o 
and V e Z^q such fhaf v; - c > 0. We define 

A{v,c,i) ■■={M,N,q) \ M €A{v)i^c,N ^ A(v-ce'),_o, ip e Homn(Q)(A,M) injective}. 
Considering fhe diagram 

A(v-cc')/,o ^ A(v,c,/) A(v);,c, (2) 

where pi{M,N,q)) =N and p 2 {M,N,(p) =M, if is shown in ||6l Lemma 5.2.3] fhaf fhe map p 2 is 
a principal Gy-bundle and fhe map pi is smoofh wifh a connecfed variefy as fiber. Sfandard alge¬ 
braic geomefry argumenfs fhen show (for A(v),-^c 0) fhaf fhere is a one-fo-one correspondence 

befween fhe sef of irreducible componenfs of A(v-cc'),.o and fhe sef of irreducible componenfs 
of A(v)/,c. 

For i e I fhe function e, given in ([T]) is upper semiconfinuous, fhus for each X e Irr A(v) fhere 
is an open dense subsef of X such fhaf Si is consfanf (namely fhe value of £, of Ibis subsef is fhe 
minimal value of £, on X). For X e Irr A(v) we fhus define 

£,(X) :=min£,(M). (3) 

MeX 

We also define for c e Z>o 

IrrA(v)/,c •= {A e IrrA(v) | Si(X) = c). 

We gef Bijecfion (jUl direcfly from fhe prior considerafions and ||9l Theorem 12.3 b)] which sfafes 
fhaf bofh Av and A(v)/c have pure dimension ^AimEp. 

IrrA(v-ce'),',o = IrrA(v);,c. (4) 

Remark 1.3. Nofe fhaf fhe image of an irreducible componenf X e Irr A(v);,c is the unique irre¬ 
ducible component F eIrrA(v-ce'),'o such that for any dense subset S> of X, we have P 2 ^P\{&) c 
F. 

Suppose that X e IrrA(v-ce'); o corresponds to X e IrrA(v),- c by Bijection dUl. We define maps 

fi : IrrA(v-ce');,o ^ IrrA(v)/,c, 

-max .^ IrrA(v-ce'),;o 
by 

f^{X) :=X and ef^^{X) :=X. 

The dafa of fhese maps yields a crysfal sfrucfure on B^(oo) := UvIn'A(v) fogefher wifh defining 
forX eB^(oo) 

wf(X) :=-^v;a, forXeIrrA(v), 

<p,(X):=£,(X) + (/i,-,wf(X)). 

If is shown in @ Theorem 5.3.2] fhaf B^{oo) is isomorphic fo fhe crysfal B(oo) of f7v(n“). 


6 


BEA SCHUMANN 


2. THE HOMOLOGICAL CONSTRUCTION 


2.1. RINGEL HALL ALGEBRAS AND CRYSTAL BASES. We review the notion and some 
facts about Ringel Hall algebras. Even though we do not use the results of this section in our 
proofs, they form an indispensable ingredient for the homological realization of the crystal B{oo) 
introduced by Reineke in 1121 . 

Let Q be a Dynkin quiver of type A,D,E and g the associated finite dimensional complex simple 
Lie algebra with Cartan decomposition g = n^ © It © n^ and let k be an arbitrary field. Recall that 
by Gabriel’s Theorem (see fTl) we have a one-to-one correspondence between the set of negative 
roots of g and the isomorphism classes of indecomposable kQ-modules, independent of the ground 
field k. Lor a kQ-module M we denofe fhe isomorphism class by [M]. 

Recall fhaf for an indecomposable kQ-module B and any kQ-module M, we denote by }JLb{M) 
fhe mulfiplicify of R as a direcf summand of M. Lor a a negafive roof of g and any field k, we 
denofe a fixed represenfafive of fhe isomorphism class of indecomposable kQ-modules associafed 
fo Ibis roof by M{a,k). Lef R~ be fhe negafive roof laffice of g. This yields a one-lo-one corre¬ 
spondence befween isomorphism classes of kQ-modules and maps wifh finife supporf 7 : /?“ ->■ Z>o 
by mapping [M] (M e kQ - mod) to BM(a,k) (^)- Conversely, for a map 7 : /?“ -> Z>o, we 

gef a represenfafive M of an isomorphism class of kQ-modules via M = which 

we denote by M{y,k). 

Lef <7 be a prime power, M, N, X be kQ-modules and be fhe finite field wifh q elemenfs. We 
define as fhe number of submodules U of M( 7 x,F^) over F^ such fhaf U =M{YN,¥q) and 

M{yx,¥q)lu ^M( 7 m,F^) overF^. 

We have fhat F^jq{q) is a polynomial in q (seen as a formal variable) wifh infeger coefficienls 
called fhe Flail polynomial f llT4l Theorem 1, p. 439]). 

Selling q = v^, we oblain: 

Recall fhaf for M,N e kQ-mod we have (M,A)^ = dimHom(M,A) -dimExl^(M,A). We define 
fhe (Iwisled, generic) Flail algebra J^{Q) of a quiver Q to be the Q[v, ]-vector space with basis 
elements indexed by the isomorphism classes [M] of kQ-modules and multiplication defined 
by 

U[M] * ■= 

[^] 

Lor m e Z>o we infroduce fhe following abbreviations: 

m 

[m]!:=n[m] and M := 

k=i 


By ifTSl Proposition, p. 21] fhe Z[v,v ^]-algebra J^{Q) is generated by fhe elemenfs wifh 
1 < / < n and m>\. Here (see loc cil., p.l 6 ) 


u 


(*m) *m 

[^0')] ■“ [m]! 


Lef A = {aij)ij^j be fhe Carfan mafrix of g and lef 7 = {1,2,... ,n}. We define t/^(n ) as fhe Q(v)- 
algebra wifh generator Fi,F 2 ,...,Fn and relations 


FiFj-FjFi = 0 
F^Fj-{v + v-yFiFjFi + FjF^ = 0 


if aij = 0 , 
if ai j — 1 


A™) 


We denote 


1 


'in 
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The Z[v,v“^]-subalgebra of f/^(n“) which is generated by the elements {\<i<n and m>0) 
is denoted by 

We have the following theorem by Ringel (see e.g. ifTSl Theorem, p. 21]): 

Theorem 2.1. The map tjq ; J^{Q) -*■ f/v(n“) defined by T 7 Q(n[ 5 p)]) =F,- induces an isomorphism 
o/ Z [ V, v“' ] -algebras. 

By setting = vd™End(M)-dimM^ we get a basis of Via tjq, this basis is sent to a 

PBW-basis Bq of Uv{n~) corresponding to a reduced expression of the longest Weyl group element 
Wo of 0 adapted to Q ( ifT^ Theorem 7]). We denote those basis elements by := ). 

The Z[v“']-lattice FF spanned by Bq is independent of the reduced decomposition of wq (Id 
Proposition 2.3]) and thus of the orientation of Q. Furthermore, by loc. cit., the image of Bq under 
the projection n ■ FF ^ is a Z-basis B of which is again independent of the 

orientation of Q. 

Let us denote by f/i,(n“) ^ f/v(n“) the canonical Q-algebra involution of f/v(n“) sending the 
generator F, to T] and v to v”'. Then there is a unique “-invariant basis of .if whose image under 
71 is F (Id Theorem 3.2]). 

This basis is called the canonical basis. The elements of ^ can hence be parametrized by the 
isomorphism classes of ^Q-modules defining 



and setting 

\ M €kQ- mod}. 

We get the following from id Theorem 2.3]. 

Theorem 2.2. Let be the canonical basis. Set 

^'=^-A)b, B'= {bmodv~^C'\ b € 

Then {C,B') is a crystal basis ofUy{x\~) and hence isomorphic to (F(oo),i3(oo)). 

Remark 2.3. The considerations above yield a parametrization of the vertices of the crystal graph 
of f7v(n“) as isomorphism classes of /:Q-representations. This identification is of crucial use in the 
homological construction of the crystal graph recalled in the following. 

2.2. Kashiwara operators. In ifT^ the crystal graph of U{n~) is realized as the set of isomor¬ 
phism classes of /cQ-modules. To state the main result of loc. cit., we need the following definitions 
where we adopt the notations of Subsection 12.11 

Definition 2.4. • The degree of a non-zero Laurent polynomial c e Z[v,v“^] is the smallest 

J e Z such that v~'^c e Z[v“^]. 

• For a /cQ-module M and / e / we define 

af{M) := maxdegcp(M,X), 

[^] 

where 

_ ' ' [X] 

• For u 6 f7v(n ), let p{u) be the largest integer r such that u e FfUv{n ). 

Theorem 2.5 ( lIT^ Proposition 3.2]). Let M be a kQ-module and i e 1. IfX is a kQ-module such 
that 

c^{M,X)=a^{M)>a^{X)-l, 
then a^{M) = a^{X)- 1, ) = a^{M) and 


( 5 ) 
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Thus, if the criterion (|5]l on the degree of the polynomial c^{M,X) is fulfilled, the Kashiwara 
operator fi (i e 7) maps the isomorphism class [M] to the isomorphism class [X]. 

In |[T2]| it is proved that, for certain choice of orientations for Q, we can find for any M e ^Q-mod 
and any i e I such a ^Q-module X fulfilling the criterion. This is done by classifying all middle 
terms of short exact sequences of ^Q-modules of the form 

0^M^X^S{i)^0, 

which allows one to express the function in terms of multiplicities of certain indecomposable 
direct summands of M. Let us recall these results in more details. 

Definition 2.6. A quiver Q is called special if dimHomiQ(X,5'(/)) < 1 for all i e 7 and all inde¬ 
composable ^Q-modules X. 

For the rest of this section we make the following assumption: 

Assumption 2.7. Q is a fixed special Dynkin quiver. 

In Section 12.31 we examine this condition further and classify all possible orientations for 
Dynkin diagrams which yield a special Dynkin quiver. In particular, this shows that we can find at 
least one orientation that is special for any simply-laced type Dynkin quiver except E^. 

Fix i e 7, we introduce two sets of kQ-modules which play an important role in the following. 
We first define 

^i{Q) ■= ^ kQ-mod I X is indecomposable and dimHom,(-Q(^)‘^(0) 0}. 

On we have a relation < given by 

X<Y ^ Hom^Q(X,F) 1 0. ( 6 ) 

The following proposition shows that this is a partial order on .^/(Q). 

Proposition 2.8 (HU Proposition 4.3.]). LetX,Y be in If there is a path from [X] to [F] 

in the Auslander-Reiten quiver Fq o/Q, then there exists a map /e Hom;tQ(^)k) inducing an 
isomorphism Homj-Q(F,S(/)) Hom;tQ(^)‘^(0)- particular, is aposet. 

Recall that an antichain is a subset of a poset such that no two (distinct) elements are compara¬ 
ble. We define 


k 

'^'(Q) ■= I {^1)^2,- • • ,^k} is an antichain in 

7=1 

On y’iiQ) we have a partial order induced by the ordering < on By abuse of notation we 

denote this ordering also by <. It is given by {V,V' e yfQ)): 

V <V' if and only if dimHom^.Q(B,F') 1 0 for each indecomposable direct summand B of V. 

Note that we always have 7^,(Q) c as the set of trivial antichains. 

Example 2.9. We give two examples of the sets 7^,(Q) and ^i{Q). See ifTU Section 8] for more 
examples. Following Proposition 12.81 the set ^i{Q) can be interpreted as a full subgraph of the 
Auslander-Reiten quiver. Recall that, by Gabriel’s Theorem, the indecomposable kQ-modules are 
uniquely determined by their dimension vector. We thus use the dimension vector to denote the 
indecomposable module having this dimension. 
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(1) For Q = 1 2 ■«- 3, the poset ^ 3 ( 2 ) is the union of all framed isomorphism classes of 

modules: 


[ 111 ] 



Here ^ 3 {Q) = ^ 3 {Q), i-e. ^ 3 (Q) is a chain. The elements can be ordered as follows: 

[ 111 ] <[ 110 ] <[ 100 ]. 

(2) Take Q = 1 •«- 2 3. We find that <^ 2 (Q) has the following shape: 



Here again we put a frame around every isormorphism class of elements of ^ 2 {Q)- 
This time ^ 2 {Q) ^ -5^2(Q)- We have a non-trivial antichain given by each F e [Oil © 
110]. So we have two maximal chains in ^ 2 (Q) ■ 

[ 111 ] <[ 011 ] <[011 © 110 ] <[ 010 ] 

[111] < [110] < [Oil ©110] < [010]. 

Remark 2.10. From the definition we directly get that there is always a unique <-minimal element 
in ^i{Q) for a fixed i e I, namely the projective cover P{i) of S{i). 

We are now able to state the classification of middle terms of extension by S{i). For that let 
Z(F) be the set of all B ^ ^i{Q) which are minimal with the property that B^V. 

Theorem 2.11 f lfl^ Corailary 4.4, Proposition 4.5]). Given a kQ-module M and i e I, the possible 
middle terms of exact sequences 

O^M ^S{i) ^0 

are in 1 : 1-correspondence with the elements V e ^i{Q) such that zB is a direct summand ofM 
for each B €l(y). The bijection is given via the map 

v^x = Nev, 

where M = N® ®b£1(v) 

Recall that for kQ-modules M and B we denote by /Tfi(M) the multiplicity of B as a direct 
summand of M. 

Definition 2.12. Fix i e I. For a kQ-module M and an element V e dPi{Q) define 
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Let 0 ^ M ^ X S{i) ^Obe an exact sequence and V e J^(Q) corresponding to X via the 
bijection given in Theorem l2.11l Then it is shown in ifT^ Proposition 5.2] that 

degCi^{M,X)=Fi{M,V). (7) 

In this language one verifies that the criterion used in Theorem 12.5 1 is always fulfilled. 

Proposition 2.13 f lfT2l Proposition 6.1]). Fix i e I. Let M be a kQ-module, Vq e =5^(Q) such that 
Fi(M,Vo) = a^{M) and Vq is ^-maximal with this property. Then Uq ■= ^ direct 

summand ofM. Set X = M' © Vq where M = M' © Uq. Then 

a^{X)=a^{M) + l. 

Remark 2.14. Note that, by Theorem 12.51 this implies that there is a unique ^-minimal antichain 
^0 ^ =^'(Q) such that Fi{M,V) is maximal. 

Recall from Remark [23] that the vertices of the crystal graph of Uv{n~) are parametrized by the 
isomorphism classes of kQ-representations. We therefore set 

B‘^{oo) = {b^M] I M ^ kQ-mod}. 

The rest of this section is devoted to recalling how Theorem 12. 5 1 and Proposition 12 .13 1 can be used 
to give a recipe for the actions of the Kashiwara operators on S'^(oo). For further details see |[T^ 
Chapter 7]. 

Definition 2.15. Let M be a kQ-module. We define pl,M := X where X is obtained by the following 
recipe: 

• For all V e =>^(Q) compute the value 

Fi{M,V)=Y,FB{M)-prB{M). 

B<V 

• Let Vq be the ^-maximal antichain where the maximal value of Fi{M,V) is reached. 

• Let Uq be the sum of all tB such that B e and R ^ Fq minimally. 

• Set X = M'© Vo where M = M'©f/o. 

Remark 2.16. Note that Uq must be a direct summand of M by Proposition 12.131 
Thus we get by Theorem |23] with Q for b[M] eS'^(oo): 

= ^[pl,M]) (8) 

ei{b[M])-a^{M). (9) 

Using the description of the Kashiwara operator fi in ([S]), we can determine the action of the partial 
inverse operator e, on S'^(oo). 

Lemma 2.17. Let M be a kQ-module with the property that there exists an antichain V e =>^(Q) 
such that Fi(M,V) > 0. Let Vq be the <—minimal antichain with the property that F](M,Vq) = 
a^{M). Then Vq is a direct summand ofM. 

Proof. Assume that Vq is not a direct summand of M. 

First we deal with the case that for each indecomposable direct summand B of Vq' the equality 
Pb{M) = 0 holds. We note that not all direct summands of Vq' can be projective (otherwise we 
have a contradiction to F](M, Vq') > 0). Since the <-minimal elements of is projective (see 

Remark l2.10l) . there exists Vq e =5^(Q) such that Vq <] Vq' and F,(M, Vq') < FfM, Vq). A contradiction. 

In case Pb{A1) =/= 0 for a direct summand B of Vq', let R be a direct summand of Vq' such that 
/rg-(M) = 0. Note that such a R exists by the assumption that Vq' is not a direct summand of M. Let 
Vq' = Vo0R. Then FfM^V^) < Fi{M,Vo) but Vo < Vq', once more a contradiction. □ 

Hence the following is well-defined. 
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Definition 2.18. Let M be a ^Q-module with the property that there exists an antichain V e J^(Q) 
such that Fi{M,V) > 0. We define miM :=X'. where X' is obtained by the following recipe: 

• For all V e =5^(Q) compute the value 

B<V 

• Let Vq be the ^-minimal antichain where the maximal value of Fi{M,V) is reached. 

• Let Uq be the sum of all tB such that B e ,^;(Q) and B ^ Vq minimally. 

• Set X' = M" © where M = M'® V^. 


Proposition 2.19. Let M e kQ - mod have the property that there exists an antichain V € =5^ (Q) 
such that Fi{M,V) > 0. Then 


Proof First we show that, since we know how the Kashiwara operator fi acts on B'^(oo), the 
action of e,- on B'^(oo) is aheady determined by the equality 


eifib[M] = biM] ( 10 ) 

for all M ekQ- mod. For this, assume that Equation (fTOl) holds and let be a kQ-module such 
that there exists a F e ^(Q) with Fi{N,V) > 0, i.e. ) > 0 and e B'^(oo). Let N' be a 

kQ-module such that 

fi^ib[N] = b[N'] ■ 

Applying c/ yields 

^ib[N] = ^ibiN'] ■ 

Hence [A] = [A']. 

Let M e kQ - mod and let fibr/^i = b\x]- Then [A] = [pl,M], i.e. X = M' ®Vq where M = M' ®Uo 


and Uq, Vq as in Definition 12. 15 
First we note that 

Fi{X,Vo)=FfM,Vo) +FfVo,Vo)-FfUo,Vo). 

It follows from the proof of ifT^ Lemma 6.3] and the considerations in loc. cit. p. 717 (since the 
graph Q. defined therein has no vertices in this case) that F](Vb, Vq) -F](t/o, Vq) = 1, which yields 

Fi{X,Vo)=Fi{M,Vo) + l=af{M) + l. 


Theorem |23] together with (|7]) then shows that the maximal value of F](A,F) is reached at Vq. It 
remains to show, that Vq is <-minimal with this property. 

Let V e ^'(Q) with V < Fo^ then: 


FfX,Vo) = Fi{M,Vo) + 1 > Fi{M,V) + 1 

= FfX,V)-Fi{Vo,V)+Fi{Uo,V) 
>Fi{X,V)-l, 


where the first inequality comes from the fact that the maximal value of Fi{M,V) is reached at Vq 
and the second inequality follows again from loc. cit. Lemma 6.3 and the considerations in loc. 
cit. p. 717. □ 


2.3. SPECIAL QUIVERS. Let us examine the property special of a Dynkin quiver Q more 
closely. In ifT^ page 14], a combinatorial description of special quivers is given. For that we need 
the following definition. A vertex / e / of Q is called thick if there exists an indecomposable kQ- 
representation M = {V,x) such that dimF > 2. 

Proposition 2.20 ( l[T3l Proposition 2.8]). Let Qbe a quiver. Then Q is special if and only if no 
thick vertex is a source o/Q. 
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Definition 2.21. Let g be a Lie algebra of simply-laced type and / e /. A fundamental weight m, of 
g is called minuscule if 

-{a,(Oi) < 1 


for all negative roots a. 


Recall that we denote by M{a,k) a representative of the isomorphism class of indecomposable 
^Q-modules that correspond to the negative root a by Gabriel’s Theorem. We get from Proposition 

[Oil 


Corollary 2.22. Let Qbe a Dynkin quiver and g the Lie algebra associated to the Dynkin diagram 
of Q. Then Q is special if and only if for each vertex i e I, that is a source of Q, the fundamental 
weight COi is minuscule. 

Proof Note that, if the vertex i is a source of Q, we have for a a negative root and ft), fundamental 
weight of g 

- {a, COi) = dimM( a,k)i' dimHom^-q {M{a,k),S{i)), 

where dimM(a,A:), denotes the dimension of the vector space assigned to vertex i in the Q- 
representation M{a,k). Thus no thick vertex is a source of Q if and only if letting i run over 
all sources, we have - (a, ft),) < 1 for all o; e □ 

Thus there is no special quiver of type E$. To get a special quiver Q of one of the other simply- 
laced types , we are only allowed to choose vertices as sources which are framed in the following 
diagrams (following the classification of minuscule weights given in 13 Chapter VIII, Proposition 
7]): 


An ■■ 0 - 0 - 0 - 0 


0 



O 


Ee 0-o-o-o-0 


O 


El o - o - o - o - o - 0. 

3. COMPARISON 

In this section we give an explicit crystal isomorphism between the two crystal structures 
B’^{oo) and R^(oo). While the construction of B’^{oo) works for isomorphism classes of kQ- 
modules over an arbitrary field k, we fix k = C in fhis section fo relafe if fo fhe quiver represenfafions 
appearing in fhe geomefric consfrucfion. 
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We Start by recalling Lusztig’s description of the irreducible components of Ay, i.e. the elements 
of the crystal B^(oo). 

Proposition 3.1 (191 Proposition 14. 2. (b)]). For q semi-simple of type ADE, the irreducible com¬ 
ponents of Ay are the closures of the conormal bundles of the Gy-orbits in Repy(Q). 

For M € Repy(Q), we denote the conormal bundle of the orbit Gy-M in Repy(Q) by 
Hence, by Proposition 13.11 every irreducible component of Ay is given by the closure of C[m] 
for some M. 

Since the Gyorbits in Repy(Q) coincide with the isomorphism classes of representations of the 
path algebra CQ, we have a one-to-one correspondence between the vertices of R^(oo) and the 
isomorphism classes of CQ-modules. Hence the map 

^:B-^{oo)^B^{oo) ( 11 ) 

b^M] C[M] 

is well-defined and bijective. In this section we prove that is a morphism of crystals and thus 
provides the desired isomorphism. 

Explicitly, for M e Repy (Q), we have by E] Lemma 9.3] 

C[M] =pr”'(Gv-M) 

where 


pr: Ay ^Repy(Q) (12) 

is the restriction map given by forgetting the arrows /i ^ Q. Hence {p[M ]) = pr^H^v -M). 

Recall from the definition of £; given in ([31) and Remark 11.31 that, for i e I, the actions of the 
Kashiwara operators and the value of the function e, on are already determined by their 
values on a dense subset of the conormal bundle C^m] ■ The next remark shows that it suffices fo 
sfudy one fiber of . 

Remark 3.2. For M e Repy (Q) lef S' c pr“^ (M) be a dense subset. Then Gy ■ ^ is a dense subset of 
C[yf]: Indeed by the Gy-equivariance of pr and the fact that each g e Gy acts as a homeomorphism, 
we have 

GyS= U U U =C[m]. 

geGv geGv geGv 

We proceed by recalling a description of the fiber pr"' (M). Let therefore , ^2 • CQ - mod 
CQ - mod be two functors. We denote by CQ - mod(^i, Qf) the following category: its objects are 
pairs (M,(/)), where M e CQ-mod and (j) e HomcQ(^i(M),^2(34)). Given two objects 
(M',(/)'), a morphism (M,^) (M',0') in CQ-mod(^i,^ 2 ) is a morphism f:M ^M' in CQ- 

mod such that oQi[f) = Giif) o0- 

Theorem 3.3 t lfTTl Theorem B., Theorem C., Proposition 3.]). The categories n(Q) - mod, CQ- 
mod(T“',id) and CQ-mod(id,T) are isomorphic. 

ForM€ Rep^,(Q) we furthermore have a vector space isomorphism pr"' (M) = HomcQ(T"'M,M). 

Remark 3.4. Via the Auslander-Reiten duality we have an isomorphism pr"' (M) = DExt' (M,M), 
where DExt' {M,M) is the vector space dual of the space of self-extensions of M. 

Recall from Definition 12 .6 1 that a Dynkin quiver is called special if dimHomcQ(2f ,5'(/)) < 1 for 
all indecomposable CQ-modules X and all i e /. 


Assumption 3.5. From now on we assume that Q is special. 
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The proof proceeds in two step. In the first step we develop a combinatorial method and use 
it to show that the bijection ^ preserves, for a fixed i e I, fhe funcfion e, on fhe crysfal B'^(oo) 
and B^(oo), respectively. In fhe second sfep we use fhe combinaforics developed in sfep one fo 
define a dense subsef of pr“'(M) which is fhen used fo proof fhaf ^ preserves fhe acfions of fhe 
Kashiwara operafors. 

3.1. EQUIVARIANCE WITH RESPECT TO Recall from Definition |23] fhaf af{M) = 
maxy 5 ^(Q)Ti(M,E). The main fask of fhis step is fhe proof of fhe following. 

Proposition 3.6. For M e Rep^,(Q) we have a^{M) = ). 

Firsf we franslafe £,(C[^]) info a homological notion by which the function can be handled 
more easily in our setup. Note therefore the following equality for M e A(v) 

£,(M) = dimHomn(Q)(M,S(/)). (13) 

For M e CQ-mod and ^ e HomcQ(T^^M,M), we define 

ii{M) ;= dimHomcQ(M,5'(/)), 

;= dim{/eHomcQ(M,S(/)) |/o0 = 0} = £,• (Coker0). 

Since Q is special by Assumption [331 we have 

£,(M) = X;dimHomcQ(M,-,S(/))= Xl (14) 

FJ S6^,(Q) 

where M = S/gjMy is fhe decomposifion of M info indecomposable direcf summands. Nofe fhaf 
for M € A(v) and g € Gy we have £,(M) = ei{g-M). Thus from (IT3l) we gel wilh Remark 1331 and 
fhe facl fhaf Exl^(5'(/),S(/)) = 0 fhe following. 

Corollary 3.7. We have the equality 

£,(C[m]) = min{£;(Coker0) | 0 eHomcQ(T”'M,M)}. 

For V e =5^ (Q) and M e CQ - mod we write in fhe following M = M-^ where 

M-''= 0 (15) 

Lemma 3.8. For any V e ,5^ (Q) and (p e HomcQ(T“'M,M) we have 

f,(M,F)<£,-0. 

Proof. Firsf nofe thal for <p e Hom£Q(T“^M,M) the short exact sequence 

0 -^Irntp M ->■ Coker 0-^0 

induces the exact sequence 

0HomcQ(Coker0,S(/)) HomcQ(M,S(/)) ^ HomcQ(Im0,S(/)). 

We thus obtain the inequality: 

^,(Coker(/)) >£,(M)-£,(Im(/)). (16) 

Setting 

(p^V •= ° tp ) 

where TIm^ ■ M -» M-^ denotes the canonical projection, we have 

£,-0 >dim{/eHomcQ(M,S(/)) |/o^ =0, =0} 

= dim{/ I fo^^y = 0,f\,^iv=0}=£i (M-^/ Im ). 
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Since, by (fT4]) 

Y. and 

Beg^iiQ), 

B<V 

£/(Im^<y) = Y I^b{t:~^M) 

Be^,(Q). 

B<V 

we obtain by (ITbl) applied to (p^y ■ 

ei{M^^llm(P^v)>UM^'')-£i{lm(P^v)> Y £iB{M) - = Fi{M,V). 

B<V 

□ 


We write = ®7=i = ®7ii Ck for tho decompositions into indecompos¬ 

able direct summands. We call (p e HomcQ(T''M,M) combinatorial if 

• P\q is either zero or Im( 0 |Q) c for a j{k) e { 1 , 2 ,... ,mi} such that 0 |q is inducing 
an isomorphism HomcQ(B/(^),S(/)) = HomcQ(Q,5'(/)), 

• j{h)*j{k 2 ) for ^^ 2 - 

Lemma 3.9. Assume that p e Homc;Q(T“^M,M) is combinatorial. Then 

£i{Cokerp)=£i{M)-£i{lmp) (17) 

and 

£i{lmp) = #{B e l3^i{Q) \ 1 0 and p{B) 1 0}. 


Proof. Since by assumption that p is combinatorial for any k the map 

HomcQ(By(,(:),S(/)) ^ HomcQ(^ (Q) ,S(/)) 
is surjective, we obtain that the map y/ in the exact sequence 

0HomcQ(Coker0,5'(/)) ^ HomcQ(M,5'(/)) HomcQ(Im0,5'(/)) 

is surjective. This implies ([TT] ). Furthermore we have, since Q is special, 

£i{lmp)= Y £i{Ck) = #{B€^i{Q)\hb{t~^M) to and p{B)^0}. 

h(l,(Ct)*0 


□ 


We now fix i e I. To prove Proposition [T 6 j we show that for each 0 in a certain class of combi¬ 
natorial homomorphisms there exists e .5^(Q) such that = £, 0 . For this we work in a 

purely combinatorial setup by introducing the directed graph . This graph, which corresponds 
to the arrangement of direct summand of M and t“'M in the poset forms the main tool of 

our approach. 

To construct ^ Hasse diagram corresponding to the poset £^i{Q), i.e. there is 

a vertex vg in IP corresponding to each B e lPi{Q) and an arrow vgj ^ vg^ in IP if and only if 
B\ <B 2 minimally. For each CQ-module M, we construct the following oriented graph IP^: 

We replace each vertex vg of by a chain 


^B(l) ^ ^B(2) ^ Vgiig) 

where Zg max(l,/rg(M),/rg(T''M)). For each arrow vg, -^vb 2 in IP, we add an arrow ->■ 

Vg^(i) in £P'^. We further add a vertex Voo and for each vertex B of which corresponds to a <- 
maximal element of IP{{Of), we add an arrow Vg(/g) ^ Voo in iPff. 
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Example 3.10. Let Q = 1 •«- 2 ^ 3 and i = 2 (compare with part |2] of Example I2.9I ). Let [M] = 
[111] © [111] © [100] © [Oil] © [010], then looks as follows. 

'^01l(O 


'^111(0 ^'^111(2) '^OIO(I) ^^010(2) 


' 2 ll 0 (l) 

Let {^m)o be the set of vertices of the graph We extend the partial order on to a 
partial order on by setting vi < V 2 if and only if there is a path from vi to V 2 in ■ 

Lor calculations in our graph, we introduce the category £/ = in which the objects are 
subsets of ()o . Lor Wi, W 2 e .e/, a morphism (/): Wi W 2 is a map of sets 0 : Wi u Vcx, ^ W 2 u Voo 
satisfying the following properties: 

(1) for all w e W\, we have w < ^(w), 

(2) 0lw.\{r>(voo)} is injective. 

Remark 3.11, The first defining property of a morphism in £/ corresponds to the fact that we 
want to resemble homorphisms in CQ - mod and the second defining property comes from the fact 
that we are interested in the study of combinatorial (j) e HomcQ(T“^M,M). 

We color the subset of )o corresponding to the direct summands of T red and the 
subset of i^M )o corresponding to the direct summands of M white and call these sets R and W, 
respectively. Using these two sets we introduce combinatorial analogs of the functions and 
Fi{M,V). 

Lor a subset V )o we denote by |U| the cardinality of this set an we define 

Fi{V) :=|Wnl/|-|/?nl/|. 

Lor any 0 e Hom^(/?,IT) let further 

e,-(0):= |w\0(/?)|. 

We define the closure of Twith respect to the ordering <. 

:= {P e ()o I P < vb for some vg e T}. 

A crucial role in our approach plays the following preorder on Hom^(P,lT): 

^ <\j/ if and only if 3p eHom^(lT,lT) and y{F) = po0(P), 
where the equality is an equality of sets. 

Loosely speaking, (j) <Y says that we can move the elements of 0(P) to the elements of y{F) 
along paths in 

Example 3.12. We continue with Example 12. 101 Here IT = {vupo Aiii( 2 ) AnotO AoiiC) Aioi(0 } 
and R = {voio(0, Voio(2) }■ Let (^ 1 , (/»2 e Hom^(P,lT) be given by 

^l(^ 010 (*) ) “ ^OIO(')) ^1(^010(2) ) = ^ 00 , 

•j*2(Voio(i) ) “ ^00 ) ^2(i2qjq(2) ) = Voo . 

Lor p e Hom^(lT,lT) given by p(voio(,)) = and p }> we have po^i=^ 

and thus (pi < (p 2 . 

We define <p e Hom^(P,lT) to be <-minimal if for each y/ e Hom^(P,lT) such that i/r < 0, we 
also have (p <Y- 

Note that this ordering is not anti-symmetric, so the above does not imply ^ = Y- The notion of 
<-minimality allows us to prove the following proposition. 
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Proposition 3.13. Let (p e Hom^ {R,W) be <-minimal and assume that e, (0) > 0. Then there exists 
c t^'^\{voo} such that 

Furthermore we have c IrtK^ . 

Proof. Let (j) e Hom^(/?,iL) and V c \{voo}- Note that we have the following inequalities 

i7,(v-l) = 1^7 n I -1/? nI/-*-! nI -1(^ (/?) n I 

|lL\(/)(/?) nL^I \W\(j){R)\ = eftp), 

where the inequality (*) comes from the first defining property of a morphism in £/ and the 
equality (**) comes from the assumption that Voo i V. Note that (p{R)nV^ - (p{RnV^) nV^ by the 
first defining properfy of a morphism in Thus, by the second defining properfy of a morphism 
in £/, the inequality (*) is an equality if and only if 

p{RnV^)cVK (18) 

Further the inequality (* * *) is an equality if and only if 

W\p{R)cV^. (19) 

Let us now further assume that eftp) > 0 which implies W\^{R) ^ 0. We extend {W\p{R))^ to a 
subset of satisfying Property (fTSl) . For that, let v({B^^)q) be the power set of (.^^)o 

and consider the operator 

V ^{<p{RnV^)uV)^. 

Note that, for Fi ,^2 £ {^m )o with Vi c F 2 , we have 

Fi c<I)(Fi) c<I)(F 2 )- ( 20 ) 

We therefore obtain the closure operator 

H0:)P((=^m)o)-7^((^m)o) 

H^(y)=<i>'(F), 

where k is the smallest number such that <I>^(y) = <I>*^^'(y). We then define c by 

V‘^:=U^{W\(P{R)). (21) 

We obtain that satisfies by consfruction Y as well as property (IT^ and ([T^ . Hence we 

have the claimed equality FfV^) = sftp) if and only if Voo Note further that since W\(p{R) c 
= U^{W\p{R)), we have W\Vl’ clmp. 

Assume that (p is <-minimal. It remains to show that Vcx, . 

If Vex, e then Vex, e <t>^{W\^{R)) but Voo ^ <I>^^^(W\(^(/?)) since Furthermore, 

since Vtx e <t>^{W\p{R)), there exists r^. e (W\0(/?))) nR such that p{ri^) = Voo- Likewise, 
since rj^ e (<I>^~^(VF\(/)(/?))) nR, there exists r^-i e (<I>^~^(W\0 (/?))) nR such that (p{rk^i) = r^. 
Repeating this argument we get ri,r2,...,ri^€WnR such that ^{rj) = ry+i for 1 < j <k-l. But this 
is only possible if there exists w e W\(p{R) with ri<w (otherwise ^{ri) e {W\(p{R))^). 


18 


BEA SCHUMANN 


We define (f)' eHom^(7?,W) by 


0 lR\{n,'■2,■■■'•*} ^\R\{n,i'2,-rk}^ 


^'{vj) = rj for 1 < 7 < ^ - 1 
(/)'(n) = w. 


Then po(^'(/?) = <^{R) for p eHom^(W,W) given by p(w) = 

Voo and Pvr\{M;} - idiv\{w}- By <- 

minimality of (j), there exists p' e Hom^(VT,VT) with Imp'o0 = Imi/)', yielding 

lm(p' = Im p'op 00 '. 

=:p 

This implies that p and hence p\im(j)' is injective in contradiction to p(w) = p{voo) = Vcx.- The 
equality p{voo) = Voo here comes from the first defining property of a morphism in £/. □ 

Example 3.14. We give an example for the construction of for a minimal 0 e Hom.g/(/?,VT). 
Assume that is given as follows: 



Further assume that R and W are given as follows: 


and 

^ ~ AfijCz) Ab^(i) AfijCo}- 

We define 0 e Hom.e/(/?, W) by 


0(Vb2(o) =^5^(2) 


and note that 0 is <-minimal. We illustrate the situation in Picture (1221) below where the vertices 
in IT are drawn as circles and the vertices in R are drawn as red bullets. The dotted lines indicate 
how the vertices in R are mapped by 0. 
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( 22 ) 


We have 




Now the operator <I> adds to the set W\^{R) the closure (with respect to <) of all vertices that 
are in the image of 0 |vb for each vg^R with vg < W\^{R). Hence the closure of the image of (j) 
restricted to the set of all vg that are on the left of the blue dotted lines in Picture (|23] ). 
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o -s- o / 



(23) 


Thus 

^{W\(I>{R)) = {H{W\(l>{R)y nR)u (W\(/>(/?)))^ 

^'^{W\(j){R)) =^{W\(I){R)). 

We note that the <I> already stabilizes after being applied the first time and does thus coincide with 
the closure operator . 

We conclude 

^'^=K3(l),VB^(2),Vg^(2)}'^. 

We are now able to prove Proposition 13.61 

Proof of Proposition 13.61 Since Lemma yields Fi{M,V) < for any V e =5^(Q) and any if/ e 
Hom£Q(T“'M,M), it suffices fo show the existence of a 0 e HomcQ(T^^M,M) and a P in =5^(Q) 
such that Fi(M,V) = 

Let <p be any <-minimal element in Hom_j/(/?,W). We choose a corresponding element in 
HomcQ(T“'M,M), which we denote by the following way: for any B,B' e f^i{Q) such that 
vb e R, vg' e W and (1>{vb) = vg', we let 0 |b : B M be a composition of irreducible morphisms 
B ^ B' that induces an isomorphism HomcQ(B^S(^)) ^ HomcQ(B,5'(/)) which exists by Propo¬ 
sition |2]8l Then 0 is combinatorial and we get by Proposition 13.91 


(Coker Y, Pb{M)-#{B € ^i{Q) \ ^^g){r-^M) ^0 and ^(B) *0}. 
This yields the equality 


Let us first assume that e. r > 0. 


e,(0)=W\0(7?)=e.^. 
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By Proposition 13 .13 1 we deduce that = H,^(iP\((/>(/?))) satisfies the equality 

Since P^e(^^)o\{voc}, we get an induced element in ^(Q) by taking the direct sum of 
those Be ^i{Q) for which is a <-maximal element of We denote the induced element 
in =5^(Q) also by V‘^ by abuse of notation. This yields the claim for this case since we have an 
equality Fi{M,V^) = Fi{V^). 

Now assume e^ ^ = 0. Let B e ■^, (Q) be the ^-minimal element. Then B is projective (see Remark 

12.101 ) which implies there cannot be a direct summand C of t~^M such that C <B. Note further 
that B cannot be a direct summand of M: Otherwise (VT\(0(/?))) ^ 0. We set Vq = B and note that 

0 = Fi{M,Vo) = ei,^ 

which finishes the proof. 

□ 

We say that (j) e HomcQ(T“^M,M) is <-minimal if 0 is combinatorial and induces a <-minimal 
0 eHom^(R,W). 

Lemma 3.15. FixM e CQ-mod such that a^{M) > 0. For any <-minimal ^ e HomcQ(T"'M,M), 
is the unique <-minimal element of^i{Q) such that Fi{M,V) is maximal. 

Proof. Let V be any element in ^i{Q) such that FfM, L) is maximal. Then Tj-(M, V)= FfM, ) = 
£i{<p). Now the proof is a Corollary of the arguments used in the proof of Proposition l3.13l Namely, 
as already deduced there, for any L e c5^(Q), we have 

FfV^) = |WnL^|-|RnL^| < |W\(^(B) nL^)| < |W\(/)(B)| = £,(0), 

where the first inequality is an equality if and only if <p{RnV^) c (W and the second in¬ 
equality is an equality if and only if {W\^{R)) c vK By construction of the closure operator H^, 
for any V e satisfying those properties, we have 

(L^)^cH0(L^) = L^. 

Thus yf^V. □ 

Consequently, the element e ^(Q), defined in (|2TI) . does not depend on the choice of a 
<-minimal <j) e Hom^(/?, W). We are thus able to define for any <-minimal <j) e Hom^(/?, W) 

v^ = h^{w\hr)). 

We remark that this is an alternative way to prove that there is a unique V e o5^(Q) which is 
<-minimal such that Fi(M,V) = a^{M). 

We conclude this step with a Lemma that is needed in step three. 

Lemma 3.16. For each indecomposable direct summand B ofV^ there exists (j) e Hom^(/?,VT) 
with £,(0) = a^{M) and vg e W\^{R). 

In particular, there exists a combinatorial \ff e HomcQ(T^^M,M) with £,• ,^ = a^{M) such that 
B is a direct summand o/Coker i//. 

Proof. Let B be a direct summand of and e Hom^(B,W) be any <-minimal morphism. 
By construction we have that vb is a ^-maximal element of H{W\^{R)). If vb e W\^{R) we are 
done. Otherwise, by the definition of the operator there exists ri,r 2 ,... ,rj €R and a ^-maximal 
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element w e H 0 (iy\ 0 ( 7 ?)) such that <p{r\) = vb, rk -2 ^ <p{rk-i) for all 3 < k < j and rj < w. We 
define 0 i 6 Hom^(/?,W) by 

lR\{ri,r2, - 0} “ ^\R\{ri,r2,-- rj}j 

^i{n) = for all 1 <^< 7 -! 

(l)l{Vj)=W. 

Thus Vb e W\^i{R) and 

ei{(l>i) = ei{(^) = af{M). 

Analog to the proof of Proposition 13.61 we choose a corresponding combinatorial homomorphism 
i/r e HomcQ(T^^M,M) which yields the last statement of the Lemma. □ 

3.2. EQUIVARIANCE WITH RESPECT TO THE KASHIWARA OPERATORS. We fix 

i e I and M e CQ - mod wifh a^{M) > 0. Recall from Definition 12. ISl fhe operator 

miM:=A© 0 tB, 

B€l(Vo) 

where M = N^Vq wifh Vq fhe ^-minimal elemenf of <^i{Q) such fhaf Fi{M,V) is maximal and 
K^o) = {B ^ ^i{Q) \R ^Vq minimally}. 

Recall furlher from Proposition 12. 19l fhaf etb^M] = for ^[m] ^ { 00 ). In Ibis section we 

show fhaf bijecfion ^ given in (fTTl) preserves fhe Kashiwara operafor e,- and conclude fhaf ^ is 
an isomorphism of crysfals. 

By Lemma [3.15[ we have Vq = ■ We furlher wrife, 

[/":= 0 tB. 

Be/fVo) 

For a direcl summand N of M, we denole by ; M ^ A fhe canonical projeclion and hy •^M 
fhe canonical inclusion. We infroduce fhe following nolion. 

Definition 3.17. A homomorphism 0 e HomcQ(T”'M,M) descends via if and only if fhere 
exisls a shorl exacl sequence 

such / o (^ = 0 and tt^v ° i k = id^- 

Remark 3.18. The condition tt^v ° ik = id^ in Definition 13. 17l is of technical nalure. If is used to 
simplify fhe induclion step in fhe proof of Proposition 13.241 

We decompose N = ®N~, where N~ = (compare wifh (fTSll ) and lei 

V“ = 0i4 

ter 

be a decomposition of info indecomposable direcl summands wifh y fhe corresponding index 
sel. For j e Y, we write = Vj- 0 Vj. We abbreviale furlher (see again (ITSl) ) 

(t“'M)- := (t^^M)-^“, := 

Note fhafM^=A“©V". 

Lemma 3.19. Let <j) e HomcQ(T”^M,M). Assume that there exists 0 ^ / e HomcQ(M,5'(/)) such 
that 

/o0=O, /k+=0 and f\v,^i^0forallkey. 

Then (j) descends via . 
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Proof. By Theorem l2.111 we have a short exact sequence 

0-^ ^ S{i) -^ 0 

Let N~ = ®k^.yy'^k be a decomposition into indecomposable direct summands. For each k e c/L 
there exists, by definition of N~, a j such that < Vj. Thus, by Proposition 12.81 there exists 
\j/j € HomcQ(B^,Fj) and A e C such that 

flsi, =^f\vj¥^- 

Let l : mjM M be the following homomorphism: 

i\uM = io, i|a? = Ia?, i Ibj. = - a 

for each k e 

This yields the exact sequence 

0-^ miM M —^ S{i) -^ 0 

with tta? o 1 1^ = idA?. Furthermore, by assumption, v we have f =0. □ 

In what follows we abbreviate 


hs{i){-)-= HomcQ(-,5(/)). 

For Mi,M 2 e CQ-mod, the functor /i 5 (,)(-) yields the linear map 

hs(i) :HomcQ(Mi,M 2 ) ^Hom(/is(,)(M 2 ),/i 5 (,)(Mi)) 

We obtain the following as a reformulation of Lemma l3.19l 


Corollary 3.20. Let (p € HomcQ(T 'M,M) and assume that 


Ker(%)((/)))n/*s(o(^")\U(Ker(/i5(o(0))nV)(^/®^'))^0- 


Then (j) descends via V^. 


For and (p e HomcQ(T“^M,M), we denote by 

Ttk-M eN~ 

the canonical projection. Recall that for B e CQ-mod, we have £i{B) = dimHomcQ(R,5'(/)). We 
define for k^f 

Vk ■= minii{Coker {Uk o (p)). 

0 

We further define 


V := min (Coker ( °P)) ■ 
0 


Lemma 3.21. 'We have 

v~ = a^{M), and 
Vk<af{M)-l 

for each k^y. 
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Proof. Let (/iq e HomcQ(T ^M,M) be <-minimal. By Proposition 13.131 we have £,(Coker o 
0o) = implying v“ < a^{M). Let <p e HomcQ(T"^M,M-) be arbitrary. Setting ^ := <p + 

obtain the following commutative diagram with exact columns and rows: 

0 0 0 

^ ^ Coker o (j)Q -^ 0 

t-'M- - -^ M -^ Coker 0-^ 0 

^ ^ Coker0-^ 0 

0 0 0 

By Proposition 13.13l £, •('Coker o (^g) = 0 which implies that the map 

^s (0 (Coker (/») ^ (Coker^) 

is an isomorphism. Hence (Coker 0) > a^{M). 

By Lemma [3.16l there exists Yo ^ HomcQ(T"'M,M) with 

£,(Coker7r^-o i/Tg) = a^[M) - 1. 

We thus obtain ^ - 1. □ 

We define the following dense open subset of HomcQ(T“^M,M): 

■= eHomcQ(T^^M,M) | ^,(Coker(;r^o0)) = v^^}. 

Lemma 3.22. For each (j) e we have 

(Ker(/j5(,)(0))n/i5(;)(M-))\ IJ (Ker (/is(,)(0)) ©A^') ^ 0. 

PF 

In particular, (p descends via V^. 

Proof. The claim follows from Lemma [3.211 noting that 

(Ker (0)) n (m- ) ) ^ hs(^i) (Coker o 0) 

is an affine variefy of dimension a^{M) and 

(Ker (^)) n hs(i) (p/ © (Coker tt* o 0) 

is an affine variety of dimension at most a^{M) - 1 for all k^'F. 

By Corollary 13.201 we conclude that (p descends via . □ 

Let ) = c> 0. We say that p e HomcQ(T“^M,M) is compatible with mfM if there exists 

a short exact sequence 
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and Y e Hom£Q(T ^ M) such that the following diagram commutes 

0-^ mfM -5^ M -^ S{iy -^ 0 


/ 

0 



t~^M — 

- o 

t 


To construct a dense subset of HomcQ(T"'M,M) which is compatible with mf M we analyze the 
relationship between X = m,M and M further. We first deduce from Theorem 12.5 1 that Fj{X,V^) = 
a^{X) and thus, since Lemma l3.15l vields that is the unique ^-minimal element of =5^(Q) such 
that Fi{X,V) = a9[X), we have 

(24) 

Equation (l24b allows us to make the following observation. 

Lemma 3.23. The vector space HomcQ((T“'X)-'^ ,X-'^ ) is a direct summand of the vector 
space HomcQ(T”^M,X). 

Proof. We write X = m{M = ®M' where M = M' ® (compare with Definition 12.181) . Now 

(1241) shows that = (0Be/(yM) B) ^ and ^ which proves the claim. □ 

Proposition 3.24. There exists a dense subset o/HomcQ('f”^M,M) such that each <p € is 
compatible with mf M. 

Proof Let 

pr^ : HomcQ(T-'M,M) ^ HomcQ((T-iM)^'"“,M^'"“) 
be the canonical projection. 

We prove the following statement by induction on ) = c: 

There exists a dense subset of HomcQ(T“^M,M) which is compatible with miM such that 

Wm (.Wm^^c)) = %■ 

If efC^M ]) = Ij the set ^ HomcQ(T“'M,M) has the claimed property. 

Assume that efCYM]) = c + 1 and let X ■■= miM. By induction hypothesis there exists a dense 
subset Sic c HomcQ(T“^X,X) which is compatible with mi^X and satisfies the equation 

Wx\wx{^c)) = Sc. 

Reeall that HomcQj is a direct summand of HomcQ(T ^M,X) from Lemma 

I3.23l and denote by pr^^ y ^ HomcQ(T~^M,X) -»-HomcQ^(T”'X)-^^,X-'^^j the canonical projec¬ 
tion. 

Let JT be the set of all injective morphisms i :X •^M such that KmoiIn = idw and let A{M,X ) = 
HomcQ(T^^M,X) X be the variety of pairs {^,l) where ^ e HomcQ(T^^M,X) and i € .S. We 
define 

Pi : A(M,X) -^HomcQ(T"^M,X) 
and 

P2 ■■ A{M,X) ^ HomcQ(T“^M,M) 


This yields the following diagram 
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HomcQ(T-'X,X) 


A{M,X) 

HomcQ(T“^M,X) HomcQ('r“'M,M). 


JTx 


Horn. 






We define 

^c+i := P2 {p\^ (prM,z (?% i^c)))) • 

Note that pr^^, pvM^x and pi are projections and therefore continuous, surjective and open. Further, 
by Lemma [3.221 ^ Imp 2 and thus p 2 is continuous with dense image. Hence ^c+i is a dense 

subset of HomcQ(T^^2f,X). 

We show that 71m{^c+\) = ^c+i ■ Let 0 ^ ^m(^c+i )■ By construction there exists ^ e ^^+1 

and A e Ker ttm such that 0 = 0 + A. Since by d24]) we have pi{p 2 ^ (KerTiM)) £ Kerpr^^^, it follows 
that (j) € ^c+i- 

It remains to show that any 0 e 3>c^\ is compatible with mi'^’*^'. Let therefore ^ e pr^^;^ prjjc(^c) 
and i e such that 

(/) = l 00. 

We show that 0 o T'h e which is equivalent to 

pr;f(0oT‘'l)=pr^y(0). (25) 

The claim then follows from the induction hypothesis. 

Equation (|25]) holds since by (l24l) 

HomcQ(T-V^,tV^'"'') = 0 = HomcQ(T-V",tV^'"'') 

and 7r^-i;^oT"ii|^-iyv = id^ i;^ by the defition of . □ 


Proposition 3.25. For M e CQ - mod, with e,(C[M ]) =c>Q, we have 

^C[M] = C[mi'^M]- 

Proof We have shown in Proposition l3.24l that there exists a dense subset ^ HomcQ(T^^M,M) 
such that for every 0 e S^c, the (up to isomorphism) unique n(Q)-submodule of (M, 0) with 
quotient isomorphic to S{iy is of the form {mfM, i/r) for a i/re HomcQ(T~' Recall 

from Theorem 13.31 that HomcQ(T^^M,M) can be identified with the fiber of M of the conormal 
bundle C^m] ■ Thus can be identified with a dense subset of that fiber. Now g^Gy maps (M, 0) 
to an isomorphic n(Q)-module and the claim thus follows from Remark [T3] and Remark 131^ □ 


Since the weight map is clearly preserved by we have thus proved: 

Theorem 3.26. For Q a special Dynkin quiver the map ^ : S'^(oo) B^(oo) given by (M ^ 

Repy(Q)) _ 

b[M] C[M] 

is an isomorphism of crystals. 
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